Electrical characteristics of a 1 cm-long free-burning atmospheric-pressure argon arc are calculated by means of a model taking into account the existence of a near-cathode space-charge sheath and the discrepancy between the electron and heavy-particle temperatures in the arc column. The computed arc voltage exhibits a variation with the arc current I similar to the one revealed by the experiment and exceeds experimental values by no more than approximately 2 V in the current range 20-175 A. The sheath contributes about two-thirds or more of the arc voltage. The LTE model predicts a different variation of the arc voltage with I and underestimates the experimental values appreciably for low currents but by no more than approximately 2 V for I 120 A. However, the latter can hardly be considered as a proof of unimportance of the space-charge sheath at high currents: the LTE model overestimates both the resistance of the bulk of the arc column and the resistance of the part of the column that is adjacent to the cathode, and this overestimation to a certain extent compensates for the neglect of the voltage drop in the sheath. Furthermore, if the latter resistance were evaluated in the framework of the LTE model in an accurate way, then the overestimation would be still much stronger and the obtained voltage would significantly exceed those observed in the experiment.
Introduction

No-sheath versus sheath-accounted approaches to modelling of near-cathode regions of high-pressure arcs
Theoretical description and modelling of interaction of highpressure arc plasmas with refractory cathodes represent a topic of significant applied interest and have attracted considerable attention in the literature over the last 20 years. Two very different approaches have emerged. One group of researchers believes that space-charge effects on refractory cathodes are small and contribute to the arc voltage by no more than 1 or 2 V. Accordingly, these researchers use simulation models, which are based on the assumption of quasi-neutrality, or an even stronger assumption of local thermodynamic equilibrium (LTE), in the whole arc volume, which means neglect of all space-charge sheaths, e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Other researchers believe 3 Author to whom any correspondence should be addressed.
that the voltage drop in the near-cathode space-charge sheath is no less than 10 V and rely on models where the near-cathode sheath plays a central role (e.g. [13] and references therein; [14] [15] [16] 
may be cited as further examples).
Reliable experimental data on the near-cathode voltage drop in high-pressure arcs are difficult to obtain. Considerable effort has been invested over the last decade in the field of low-current arcs (arc currents I 10 A), which are used, for example, in high-intensity discharge lamps. Important advances have been achieved, in particular, by Mentel and co-workers in Bochum (e.g. [17] [18] [19] ; see also references in [13, 20] ). Two independent methods have been used to determine the near-cathode voltage drop (cathode fall), namely electrostatic probe measurements and an analysis of the cathodic power balance based on spatially resolved measurement of the cathode surface temperature. Nearcathode voltages given by both methods agreed with each other [19, 21] and were typically in the range 10-50 V. The situation is much less favourable as far as high-current arcs (I 100 A) are concerned, which are used, for example, in arc welding: the experimental data are scarce and far from being conclusive. A representative example of experimental difficulties can be found in the expert and careful work [22, p 66 ]: a spatial distribution of floating potential of an electrostatic probe was measured in the vicinity of a tungsten cathode of an arc in atmospheric-pressure He or Ar; when extrapolated to the cathode surface, this distribution gave the value of 4 V; the final value of 11 V for the near-cathode voltage drop was deduced by adding a voltage drop in the near-probe layer, which was estimated to be around 7 V.
The above-cited experimental values of cathode fall in low-current arcs in the range 10-50 V indicate that the first above-described (no-sheath) approach is not justified and the second (sheath-accounted) approach should be used for such arcs, and there is not much argument about it at present. An extensive comparison with the experiment on low-current arcs has convincingly validated the sheath-accounted approach (e.g. [13] and references therein; [16] is a further example). As far as high-current arcs are concerned, the above-cited experimentally derived value of the cathode fall voltage of 11 V [22, p 66] supports the second approach against the first one. However, this result can hardly play a role of the ultimate argument given the indirect character of its derivation.
The status quo is as follows: the approach accounting for the cathode sheath is used in most works dedicated to plasma-cathode interaction in low-current arcs; the no-sheath approach is used in most works dedicated to modelling of highcurrent arcs. Amazingly, there has been virtually no interaction between research in the two fields, in spite of the fact that the physics of near-cathode plasma layers in high-and low-current arcs is similar, and the question as to which approach is better physically justified for high-current arcs remains open.
Methodological considerations
Given the absence of unambiguous experimental indications, it is useful to analyse the no-sheath versus sheath-accounted approaches from the point of view of methodology.
First, the sheath-accounted approach takes into account, in addition to separation of charges, all physical effects considered in the no-sheath approach, in particular, ambipolar diffusion of the charged particles. Therefore, the sheathaccounted approach is more general than the no-sheath approach, hence the former may be used to validate the latter. In other words, if the sheath-accounted approach shows that the separation of charges is a minor effect and the sheath voltage does not exceed 1 or 2 V for a certain situation, then the nosheath approach is justified in this situation. As an example, let us consider the voltage drop U cl in a near-cathode layer, including the sheath, on a W cathode of radius R = 2 mm and height h = 10 mm in atmospheric-pressure Ar arc shown in figure 1. These data have been calculated by means of the free Internet tool [23] , which is based on the sheath-accounted approach and allows one to calculate the diffuse and axially symmetric spot modes of current transfer to rod cathodes in arc plasmas of different compositions; the data shown in figure 1 refer to the diffuse mode. The current-voltage characteristic falls; however, the near-cathode voltage even in the range of high currents, I = 100-200 A, is still between 13.8 and 11.6 V.
A bit higher value U cl = 15 V can be deduced from the graphs of [15] ; this value refers to the cathode fall at the centre of a W cathode with R = 10 mm and h = 8 mm in an atmosphericpressure Ar arc at I = 200 A. These examples show that the cathode fall predicted by the sheath-accounted approach for high-current arcs is in the range 10-15 V, well in excess of 1-2 V assumed in the framework of the no-sheath approach. Second, a still more general approach is the one in which a system of equations including the Poisson equation is solved throughout the whole near-cathode region in a straightforward way, without assuming the quasi-neutrality or an a priori division of the near-cathode region into a space-charge sheath and a quasi-neutral plasma. Such modelling [24] has shown that the sheath is of primary importance; regimes, where the sheath plays a minor role, are in principle possible, however, they do not occur under conditions of high-pressure arc discharges.
Thus, methodological considerations indicate that the near-cathode sheath in high-current arcs is of primary importance, thus supporting the sheath-accounted approach against the no-sheath one.
Sheath and quasi-neutral plasma voltages in high-current arcs
An argument in favour of the LTE models of high-pressure high-current arc discharges is their ability to predict arc voltages that are not very different from experimental values. A possible interpretation is that the dominating contribution to the arc voltage is given by the arc column, which is in the state of LTE at high arc currents. This is difficult to reconcile with the presence of a near-cathode space-charge sheath with a significant voltage. This contradiction must be resolved before a definite conclusion on justifiability of the no-sheath versus sheath-accounted approaches can be reached.
It was found in [25] that the electric power deposited into the near-cathode sheath is transported not only to the cathode but also to the quasi-neutral plasma (arc column), an effect that cannot be described by LTE models. This effect has been independently confirmed in [24] . Obviously, this transport can substantially reduce the resistance of the part of the arc column adjacent to the sheath. In order to describe this transport, one needs to take into account not only the presence of the sheath, but also eventual discrepancy between the electron and heavyparticle temperatures T e and T h in the arc column, at least in the part adjacent to the near-cathode sheath. Both effects, which are discarded in LTE models, have been taken into account in [24, 25] .
Thus, one may hypothesize that LTE models substantially overestimate the resistance of the part of the arc column that is adjacent to the near-cathode sheath and this overestimation to a certain extent compensates discarding the voltage in the nearcathode sheath. This question clearly deserves an elaboration. Another question that needs to be analysed is the effect of deviations from LTE on the resistance of the bulk of the arc column.
In this work, a model similar to that in [25] is employed for finding electrical characteristics of a high-current atmosphericpressure argon arc. Also performed are simulations by means of an LTE model. The arc voltage predicted by both models is compared with the experimental data [26] . Also considered is the question of error introduced into the evaluation of the resistance of a near-cathode plasma by algorithms conventionally used in LTE models.
The model
The model used in this work is similar to the one of [25] and may be briefly described as follows. The whole system comprising the arc and the electrodes is divided into three subdomains simulated by means of separate models: the cathode and the near-cathode plasma layer, the arc column, the anode; the near-anode plasma layer is discarded. The cathode and the near-cathode plasma layer are described by means of the model of nonlinear surface heating. A summary of equations of the model can be found in [27] . A more detailed description and an online tool for simulation of the diffuse and spot modes of current transfer and their stability based on this model can be found in [23] . Detailed presentations of different aspects of the model, as well as its detailed experimental validation, can be found in [13] and original works cited therein.
In brief, the model of nonlinear surface heating may be introduced as follows. The model exploits the following feature of the physical picture accounting for the existence of the sheath: the electrical energy deposited by the arc power supply in a sheath with a voltage of 10-15 V is quite significant, and it is a part of this energy that is transported to the cathode and heats it; as a consequence, the plasmacathode interaction is governed by processes occurring in a thin near-cathode plasma layer comprising the sheath and the adjacent ionization layer, and to the first approximation the plasma-cathode interaction is unaffected by the arc column. In mathematical terms, the model of nonlinear surface heating involves the equation of heat conduction in the cathode body coupled through a boundary condition with a system of transcendental equations describing current transfer through the near-cathode layer. The motion of ions in the spacecharge sheath is assumed to be collisionless and is described kinetically. (This description is expected to be reasonably accurate also in the case of moderately collisional sheaths, although not in the case where the ion motion in the sheath is strongly collisional, which occurs, for example, in very-high pressure high-intensity discharge lamps operating under the pressure of the order of 100 bar or higher.) The ionization layer is described by means of fluid equations. Calculation of distribution of potential in the cathode has shown that the variation of potential in the cathode does not exceed 0.4 V for conditions considered in this work, therefore the voltage drop and Joule heating in the cathode body are neglected. The voltage drop U cl across the near-cathode layer is assumed to be the same at different points of the arc attachment.
The arc column is computed by means of a twotemperature (2T) hydrodynamic model, which accounts for inequality of the electron and heavy-particle temperatures, T e = T h , but assumes the ionization equilibrium and quasineutrality. The model comprises the Navier-Stokes equations, equations of energy for the heavy particles and the electrons, equation of continuity of electric current supplemented with Ohm's law and Ampère's law for the self-induced magnetic field. The anode is simulated by means of a model comprising equations of heat conduction and continuity of electric current supplemented with Ohm's law. Note that variations of potential in the anode are in fact very small (of the order of 1 mV); however, the current continuity equation is nonetheless maintained in the model for technical reasons.
The coupling between the sub-domains is as follows. Let us use T h for the heavy-particle temperature, where the arc column and the near-cathode plasma layer are concerned, and for the temperature of the electrode material, where the electrodes are concerned. At the interface between the arc column and the near-cathode layer, the temperature T h is assumed to be continuous, as well as the electron temperature T e , the electrostatic potential ϕ, and the normal component j n of the electric current density (here and further n is a coordinate measured from the electrode surface normally to it in the direction into the plasma). Note that variations of heavy-particle temperature across the near-cathode layer are neglected; we recall that the near-cathode plasma layer, which is of interest for this work, comprises the sheath and the ionization layer and its thickness is of the order of 1 µm or smaller. Therefore, the continuity of T h means that the heavyparticle temperature on the arc column side of the interface equals the temperature of the cathode surface.
At the interface between the arc column and the anode, T h , ϕ and j n are assumed to be continuous. The density of flux of energy from the arc column to the anode is evaluated as the sum of heat fluxes transported by the heavy particles and the electrons and of the additional term j n (A f + 2.5kT e )/e (here A f is the work function of the electrode material), which accounts for heating of the anode surface due to condensation of electrons.
The model of nonlinear surface heating is implemented on the basis of COMSOL Multiphysics software, similarly to how it was done in [28] . The problems describing the arc column and the anode are solved jointly by means of a code based on the SIMPLE algorithm [29, 30] , similarly to how it was done in [25] . While solving the problem for the arc column, the near-cathode layer is assumed to be infinitely thin and the interface between the arc column and the near-cathode layer is assumed to coincide with the cathode surface.
The calculation procedure is as follows. First, the model of nonlinear surface heating is run to obtain, for a given arc current I , the distribution of temperature inside the cathode and on its surface, the voltage drop U cl in the near-cathode plasma layer, and the distribution of parameters of plasma in the near-cathode layer along the cathode surface. In particular, distributions are found of the temperature of the cathode surface, T h (s), electron temperature in the near-cathode layer, T e (s), and density of electric current from the near-cathode layer into the arc column, j n (s). (Here s is a coordinate measured along the electrode surface.) These distributions serve as boundary conditions at the interface between the near-cathode layer and the arc column for the equation of energy of heavy particles, the equation of energy of electrons and current continuity equation, which make part of the 2T hydrodynamic model of the arc column.
The above-described model will be referred to as the 2T-sheath model. Another model treated in this work is the LTE one. The LTE model differs from the 2T-sheath model in three aspects: it is assumed that T e = T h in the arc column; the near-cathode layer is discarded; the cathode is simulated in the same way as the anode, i.e. by means of equations of heat conduction and continuity of electric current with the boundary conditions at the interface between the cathode and the arc column similar to those at the interface between the arc column and the anode. Note that since T e = T h in the arc column, the additional term in the expression for the density of flux of energy from the plasma to the electrodes is j n (A f + 2.5kT h )/e. (Since j n < 0 at the cathode, this term is negative as it should: electrons leaving the cathode cause cooling of the cathode surface rather than heating.) The boundary condition for the current continuity equation at the base of the cathode is a constant current density equal to I/πR 2 , where R is the cathode radius. The problems describing the arc column and both electrodes are solved jointly by means of a code based on the SIMPLE algorithm.
Numerical results
The geometry considered in this work corresponds to conditions of experiment [26] and is shown in figure 2 . The arc chamber is closed (no gas pumping). The cathode is made of tungsten and represents a rod with a hemispherical tip. The anode is flat and made of copper. Boundary conditions at the outer boundaries of the computation domain are listed in table 1 and are conventional. Results reported in this work refer to the case T amb = 300 K and the arc current range 20-200 A.
Distributions of electrical parameters on the axis of the arc column for I = 40 A and I = 160 A computed by means of the 2T-sheath and LTE models are shown in figure 3. Since the interface separating the arc column and the near-cathode layer in the framework of the 2T-sheath model is assumed to coincide with the cathode surface while the arc column is treated, the axis of the arc column occupies the range 12 mm z 22 mm in both models.
In figure 4 , distributions of the potential and the normal component of the current density over the interface separating the arc column and the near-cathode layer in the framework of the 2T-sheath model are shown. (Here s is the distance from the centre of the front surface of the cathode (i.e. from point C in figure 2 ) measured along the generatrix, distribution j n (s) is given by the code describing the cathode and the near-cathode layer, distribution ϕ(s) is given by the code describing the arc column and the anode.) One can see that the variation of ϕ(s) in the region s 2 mm, which is where the arc is present, is small (below 1 V). This result justifies the assumption that the voltage drop in the near-cathode layer, U cl , is approximately the same at all points of the cathode surface inside the arc attachment; this assumption is employed in this model and allows one to conveniently avoid iterations between the code describing the cathode and the near-cathode layer and the code describing the arc column and the anode. ac . The fact that the arc-column voltage predicted by the LTE model is significantly higher than that predicted by the 2T-sheath model is related to the axial electric field predicted by the LTE model being higher than that predicted by the 2T-sheath model virtually everywhere in the arc column, as seen in figure 3(b) . (In the case I = 160 A, there is a region adjacent to the anode where the 2T-sheath model predicts a higher electric field; however, this region is narrow and unimportant for the following.)
As far as the bulk of the arc column is concerned, the reason for values of |E z | predicted by the LTE model being higher is as follows. In figure 6 , radial distributions of parameters of the arc column in the midplane of the arc, z = 17 mm (i.e. halfway between the electrodes), are shown. In the framework of the 2T-sheath model, the electron temperature and, consequently, electrical conductivity of the plasma in the arc fringes are higher than those for the same I in the framework of the LTE model. The current density is higher in the arc fringes and correspondingly lower in the arc core; the latter is seen also from figure 3(d) . The temperature in the arc core is also lower. Thus, the arc core as described by the 2T-sheath model is colder and wider, hence the energy losses from it are lower. The latter means that the arc column consumes a lower electrical power, i.e. for the same arc current the axial electric field is lower.
There is an additional reason for values of |E z | predicted by the LTE model being higher which comes into play in the immediate vicinity of the cathode or, in the framework of the 2T-sheath model, of the interface separating the column from the near-cathode layer. This reason is seen from figure 3(c): σ calculated by means of the LTE model rapidly decreases in this vicinity, while σ calculated by means of the 2T-sheath model rapidly increases. This is a consequence of different behaviour of the temperatures, which is shown in figure 7 . Both the heavy-particle temperature T h and the LTE plasma temperature T decrease in the direction to the cathode (note that at z = 12 mm both T h and T equal the temperature of the cathode surface, which does not exceed 4000 K). However, the electron temperature T e , which governs the plasma conductivity in the 2T-sheath model, increases, which is due to the transport into the arc column of electric power deposited into the near-cathode sheath [24, 25] .
The total arc voltage in the framework of the 2T-sheath model, U arc (I ) decreases for lower currents, passes through a minimum at I = 100 A, and slowly increases for higher currents.
Also shown in figure 5 are experimental data on the arc voltage, U (exp) arc , taken from [26] . (The authors [26] distinguish two forms of arc attachment to the cathode: diffuse and contracted. However, the difference between the corresponding arc voltages is below 1 V. We note for definiteness that the values shown in figure 5 refer to arc ; the difference is significant for lower currents but decreases with current and is reduced to no more than approximately 2 V for I 120 A.
Effect of numerics over the arc voltage predicted by the LTE model
Sensitivity with respect to details of numerical grids in the vicinity of the cathode is a known issue for LTE models of high-pressure arc discharges. In this connection, computations have been performed in which the code describing the arc column and the anode (and, in the case of the LTE model, also the cathode) was operated on a series of grids successively refined in the vicinity of the cathode. The number of control volumes on the axis of the arc column in each of the grids and positions (z-coordinates) of the two main grid points, i.e. centres of control volumes closest to the cathode are indicated in table 2. Note that the simulations described in section 3 have been performed on grid 1 for the 2T-sheath model and on grid 4 for the LTE model.
An example of the results is shown in figure 8 . One can see from figure 8(a) that the use of different grids does not appreciably affect the results given by the 2T-sheath model.
In contrast, results given by the LTE model indeed depend on the grid, especially in the vicinity of the cathode. This effect is clearly seen in figure 8(b) , which represents a magnification of the relevant part of figure 8(a) , and is non-negligible. There is no way to eliminate this dependence by means of a further refinement of the grid in the vicinity of the cathode, since such refinement leads to the loss of convergence. The reason for the problem is well known: it is a steep decrease of the LTE plasma temperature in the vicinity of the cathode, which causes a dramatic variation of the plasma conductivity. The latter is illustrated by table 3. Here, indices w, 1 and 2 are attributed to values of the corresponding quantities at, respectively, the centre of the front surface of the cathode (point C in figure 2 ) and the first and second main points of each grid on the axis shown in figure 5 and the values of potential at z = 12 mm shown in figure 8(b) are also determined in this way); σ w is evaluated in terms of T w by means of the data [31] . There is a two-to five-fold variation of σ between the second and first main grid points and a variation of five orders of magnitude between the first main grid point and the cathode surface.
In the SIMPLE numerical algorithm being used, transport coefficients are assumed to be constant in each control volume; an assumption clearly unsuitable as far the electrical conductivity of the plasma near the cathode is concerned. Note that transport coefficients on the interface between adjacent control volumes are evaluated as a harmonic mean value (e.g. [30, 32] ) in the SIMPLE algorithm. Therefore, the plasma conductivity at the cathode surface is assumed to be equal to roughly twice the value at the centre of the first control volume in the plasma, which represents a further deviation from reality.
Let us investigate this question in some detail. Let us consider the potential difference between the first main grid point on the arc axis, (r = 0, z = z 1 ), and the centre of the
The quantity on the left-hand side (lhs) of equation (8) represents the average electric field on the interval [z w , z 1 ]. Hence, the second multiplier on the rhs may be interpreted as an average resistivityρ of the plasma in this interval. It is convenient to writeρ
The lhs of this expression represents the ratio of the average resistivity of the adjacent to the cathode half of the first control volume to the resistivity at the centre of the control volume. It is seen from table 3 that T w /T 1 and σ 1 /σ w exceed, respectively, 0.35 and 5 × 10 4 for all grids. It follows from equation (9) thatρ/ρ 1 exceeds 1500. Thus, the assumption of constant plasma conductivity in the first control volume results in underestimating the resistance of the half-volume adjacent to the cathode by a factor of more than 1500.
The above may be summarized as follows. As seen from table 3, the LTE model predicts for I = 100 A the potential difference ϕ 1 − ϕ w , i.e. the voltage drop in the adjacent to the cathode half of the first control volume, of around 1 V. It is worth noting that this value does not vary significantly between different grids, although the distance over which this potential difference occurs, z 1 − z w , varies very considerably: from 100 to 22 µm. The LTE model used in this work employs the assumption of plasma conductivity being constant within a control volume, which is usual in the SIMPLE numerical algorithm. If, however, one re-evaluates the potential difference ϕ 1 − ϕ w with the use of values of j z and T from the converged LTE solution but with account of variation of σ , then ϕ 1 − ϕ w would amount not to 1 V but to more than 1.5 kV.
The procedure employed above for derivation of equation (8) is consistent with the mathematical technique of evaluation of integrals of exponential functions of a large argument. Note that if, for example, the linear interpolation is applied to σ rather than to the plasma temperature, then one will obtainρ/ρ 1 = ln(σ 1 /σ w ); a result incorrect by orders of magnitude.
Concluding remarks
The voltage over a 1 cm-long free-burning atmosphericpressure argon arc, predicted by the 2T-sheath model, exhibits a variation with the arc current similar to the one revealed by the experiment and exceeds the experimental values by no more than approximately 2 V in the current range 20-175 A. About two-thirds or more of the arc voltage is contributed by the near-cathode sheath.
The model being employed describes the current transfer through the near-anode plasma layer in a rather crude way. More accurate models [33] [34] [35] indicate that the potential on the plasma side of the near-anode layer may exceed the anode potential by 1 or 2 V; the so-called negative anode fall. This may explain the above-mentioned deviation of up to about 2 V between the modelling and the experiment. The LTE model predicts a different variation of the arc voltage with I and underestimates the experimental values appreciably for low currents but by no more than approximately 2 V for I 120 A. The latter conforms to the well-known fact that LTE models of high-pressure arc discharges predict arc voltages which for high currents are close to experimental values. However, the present modelling suggests that this can hardly be considered as a proof of unimportance of the space-charge sheath: the LTE model overestimates both the resistance of the bulk of the arc column and the resistance of the part of the column that is adjacent to the cathode, and this overestimation to a certain extent compensates for the neglect of the voltage drop in the near-cathode sheath.
An extremely high resistivity of the near-electrode plasma is a known issue for LTE models of high-pressure arc discharges. If the potential difference between the first main grid point on the arc axis and the cathode is evaluated in terms of values of j z and T taken from the LTE modelling but with a due account of the dramatic variation of σ , which occurs in the vicinity of the cathode, then the potential difference will be in excess of 1.5 kV. However, conventional numerical algorithms employed in the LTE modelling perform this evaluation in an inaccurate way and this inaccuracy amounts to a cut-off.
Obviously, some cut-off or other is in place in such a situation given the violation of the LTE in the vicinity of the cathode; at the end, switching from the arc-column equations to the sheath equations in the 2T-sheath model also can be viewed as a kind of cut-off. The difference is that the cutoff in numerical algorithms employed in the LTE modelling is of a numerical nature and does not reflect the physics of deviations from LTE occurring near the cathode. Therefore, the fact that this cut-off allows one to obtain arc voltages close to experimental values for high currents but not for low currents can hardly have physical meaning.
There are two-dimensional simulations of high-pressure arcs disregarding the sheaths but accounting for deviations from LTE due to ambipolar diffusion (e.g. [2, 3, 36, 37] ) and due to both ambipolar diffusion and deviation between the electron and heavy-particle temperatures (e.g. [38, 39] ). Inclusion of diffusion currents at the electrodes overcomes the problem of electrical conductivity at the electrodes being almost zero, existing in the LTE models. An analysis of this approach in light of the results of this work is a relevant task, however, falls beyond the scope of this paper.
